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Abstract:  For a field 𝑘 of characteristic 0, a finite group G and a central 2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑘∗ denote  by 
(𝑘, 𝐺, 𝑓) the corresponding twisted group algebra. The purpose of this note is to show that a certain radical 
extension of 𝑘, which is constructed from 𝑓, is a splitting field of (𝑘, 𝐺, 𝑓), and to illustrate this result by an 
example which is related to Gauss sums. 
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For basic definitions and results about group cohomology and twisted group algebras 
resp. about general finite dimensional associative algebras  which will be used in this note 
see e.g. [Y], [CO] resp. [BR], [CR]. For the case of the ordinary group algebra 𝑓 = 1 we also 
refer to [SE] and [LA], XVIII.  
Let 𝑘 be a field of characteristic 0, let 𝐶 be an algebraic closure of 𝑘, let 𝐺 be a finite group, 
let 𝑓: 𝐺 × 𝐺 → 𝑘∗ be a central 2-cocycle and denote by (𝑘, 𝐺, 𝑓) the corresponding twisted 
group algebra. As is well known it is semisimple. Consider the function 𝑎𝑓: 𝐺 → 𝑘
∗ defined 
by 
𝑎𝑓(𝑥) ≔ ∏ 𝑓(𝑥, 𝑥
𝑖)
𝑚(𝑥)
𝑖=1 ,  𝑥 ∈ 𝐺, 
where 𝑚(𝑥) denotes the order of an element 𝑥 ∈  𝐺. For every 𝑥 𝜖 𝐺 fix the set of all roots 
𝛼𝑓(𝑥)  ∈  𝐶  of  𝑎𝑓(𝑥) of order dividing 𝑚(𝑥)and denote by 𝐿/𝑘 the subextension of 𝐶/𝑘 
which is obtained from 𝑘 by adjoining to 𝑘 all 𝛼𝑓(𝑥), 𝑥 ∈ 𝐺. The main result of this note is 
as follows 
 
(1) Theorem The field 𝐿 is a splitting field of (𝑘, 𝐺, 𝑓) 
 
 
We note that this result, applied to 𝑘 = ℚ and 𝑓 = 1, contains the well known result of R. 
Brauer, see e.g. [SE], 12.3 or [LA], XVIII, §11, Thm. 17, according to which the field 
extension of ℚ which is obtained from ℚ by adjoining to ℚ a primitive 𝑚-th root of unity 
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𝜁 ∈  ℂ, where 𝑚 is the exponent of 𝐺 , is a splitting field of the ordinary group algebra 
ℚ[𝐺] = (ℚ, 𝐺, 1).  
In the proof of (1) we will use some results on representations of twisted group algebras. 
The first is the twisted version of the reciprocity law (1.12) in [O1] in terms of characters: 
Let 𝑓, 𝑓′: 𝐺 × 𝐺 → 𝑘∗  be central 2-cocycles, let 𝐻 ≤ 𝐺  be a subgroup, let 𝜒  be a 𝑘 −
𝑓 −character of 𝐺, i.e. the character of a representation of (𝑘, 𝐺, 𝑓), viewed as a function 
𝜒: 𝐺 → 𝑘, and let 𝛾 be a 𝑘 − 𝑓′ −character of 𝐻. Then 
 
(2)  𝜒 ∙ 𝐼𝑛𝑑𝐻
𝐺 (𝛾)𝑓′ = 𝐼𝑛𝑑𝐻
𝐺 (𝜒|𝐻 ∙ 𝛾)𝑓∙𝑓′   . 
 
Here 𝐼𝑛𝑑𝐻
𝐺 (𝜃)𝑡  denotes the 𝑘 − 𝑡 − character of 𝐺  which is induced by the 𝑘 −
𝑡 −character 𝜃 of 𝐻 with respect to the central 2-cocycle 𝑡: 𝐺 × 𝐺 → 𝑘∗, i.e. 
 
𝐼𝑛𝑑𝐻
𝐺 (𝜃)𝑡(𝑥) =
1
|𝐻|
∙ ∑
𝑡(𝑔,𝑥)𝑡(𝑔𝑥,𝑔−1)
𝑡(𝑔,𝑔−1)
𝜃∗(𝑔𝑥𝑔−1)𝑔∈𝐺  ,  𝑥 ∈ 𝐺, 
 
where 𝜃∗(𝑧): = 𝜃(𝑧) for 𝑧 ∈ 𝐻 𝑎𝑛𝑑 𝜃∗(𝑧) ≔ 0 for 𝑧 ∈  𝐺 − 𝐻.   
Denote by 𝑊𝑘  the group of roots of unity in k. It is well known, see e.g. 
[𝑂1], (1.2) 𝑎𝑛𝑑 (1.4), that there is a subgroup F of 𝑘∗ and an isomorphism  
𝐻2(𝐺, 𝑘∗) ≅ 𝐻𝑎𝑏𝑒𝑙
2 (𝐺/𝐺′, 𝐹) × 𝐻2(𝐺, 𝑊𝑘) ;  
here 𝐺′ denotes the commutator subgrup of 𝐺, cohomology is taken with respect to the 
trivial group action and 𝐻𝑎𝑏𝑒𝑙
2 (𝐺/𝐺′, 𝐹) denotes the subgroup of cocycle classes wich can 
be represented by symmetric cocycles. Hence, up to equivalence of cocycles, we may and 
do assume that there is a central symmetric cocycle 𝑠′: 𝐺/𝐺′ × 𝐺/𝐺′ → 𝐹 and a central 
cocycle 𝑡: 𝐺 × 𝐺 → 𝑊𝑘  such that 𝑓 = 𝑠 ∙ 𝑡  where 𝑠 = 𝑖𝑛𝑓𝐺′
𝐺 (𝑠′)  . Now Schur’s lemma 
implies that there is a function 𝛼: 𝐺 → 𝐶∗  such that 𝑠 = 𝛿𝛼  (coboundary over C) and 
therefore 𝑓 = 𝛿𝛼 ∙ 𝑡 . It follows that for every (simple) 𝐶 − 𝑓 −character 𝜒: 𝐺 → 𝐶 there is 
a (simple) 𝐶 − 𝑡 −character 𝜓: 𝐺 → 𝐶  such that 𝜒 = 𝛼 ∙ 𝜓 and such that 𝜓  belongs to a 
𝐶 − 𝑡 −representation of 𝐺  which can be lifted to a linear representation 𝐷of a finite 
central group extension 1 → 𝑍 → 𝐸 → 𝐺 → 1 which is defined by 𝑡. If 𝐷 is induced by a 
repesentation 𝐷0 of a subgroup 𝐻0 ≤ 𝐸 such that 𝑍 ≤ 𝐻0 , then 𝜓 is induced by a 𝐶 − 𝑡 − 
character 𝜓0 of the subgroup 𝐻 ≔ 𝐻0/𝑍 ≤ 𝐺 with respect to 𝑡, and the degree of 𝜓0 is the 
degree of 𝐷0 . If 𝐺  is nilpotent, then 𝐸  is nilpotent. Assume that 𝜒  is simple. Then 𝜓  is 
simple. Since finite nilpotent groups are monomial there is a subgroup 𝐻 ≤ 𝐺  and a 
function 𝛽: 𝐻 → 𝐶∗  such that 𝛿𝛽 = 𝑡|𝐻×𝐻  and 𝜓 = 𝐼𝑛𝑑𝐻
𝐺 (𝛽)𝑡 . Hence from (2) we obtain 
𝜒 = 𝛼 ∙ 𝜓 = 𝐼𝑛𝑑𝐻
𝐺 (𝛼|𝐻 ∙ 𝛽)𝑓. This proves the following lemma. 
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(3) Lemma If 𝐺 is nilpotent then every simple 𝐶 − 𝑓 −character 𝜒 of 𝐺 is monomial, 
i.e. there is a subgroup 𝐻 ≤ 𝐺 and also a function 𝛾: 𝐻 → 𝐶∗such that 𝛿𝛾 = 𝑓|𝐻×𝐻 
and 𝜒 = 𝐼𝑛𝑑𝐻
𝐺 (𝛾)𝑓 . 
 
We note 
𝛾(𝑥)𝑚(𝑥) = ∏ 𝑓(𝑥, 𝑥𝑖) = 𝑎𝑓(𝑥)
𝑚(𝑥)
𝑖=1
 
for all 𝑥 ∈ 𝐻 where 𝑚(𝑥) is the order of 𝑥. Hence 𝐼𝑛𝑑𝐻
𝐺 (𝛾)𝑓 is the 𝐶 − 𝑓 −character of a 
representation of 𝐺  which is realizable in the subfield 𝐿 = 𝑘( √𝑎𝑓(𝑥)
𝑚(𝑥)
∶ 𝑥 ∈ 𝐺)  of 𝐶 . 
Using Brauer’s induction theorem [BT] or [SE], §10, 10.5, Thm. 19 or [LA[, XVIII, § 10, Thm. 
15, and the twisted form (2) of the reciprocity law, a twisted form of Brauer’s induction 
theorem was obtained in [O1], p. 584, and combining this result with (3) we obtain the 
following proposition. 
 
(4) Proposition For every 𝐶 − 𝑓 −  character 𝜒  of 𝐺  there are nilpotent subgroups 
𝐻1, … , 𝐻𝑟 of  𝐺 and functions 𝛾1: 𝐻1 → 𝐶
∗, … , 𝛾𝑟: 𝐻𝑟 → 𝐶
∗such that  the coboundary 
𝛿𝛾𝑖  is the restriction of  𝑓  to 𝐻𝑖 × 𝐻𝑖  for all  𝑖 = 1, … , 𝑟  and such that there are 
integers 𝑛1, … , 𝑛𝑟 with the property 
 
𝜒 = ∑ 𝑛𝑡𝐼𝑛𝑑𝐻𝑖
𝐺 (𝛾𝑖)𝑓
𝑟
𝑖=1
 
 
We add that every 𝐼𝑛𝑑𝐻𝑖
𝐺 (𝛾𝑖)𝑓  is the character of a 𝐶 − 𝑓 −representation of 𝐺 which is 
realizable over the field 𝐿. In order to complete the proof of (1) one argues as in the proof 
of the linear case 𝑓 = 1,  comp. e.g. [LA], XVIII, § 10, proof of Thm. 17: Decompose every 
𝐼𝑛𝑑𝐻𝑖
𝐺 (𝛾𝑖)𝑓 in (4) as a sum of simple characters of 𝐶 − 𝑓 −representations of 𝐺 which are 
realizable over 𝐿 to obtain an expression of 𝜒 as a linear combination with nonnegative 
integer coefficients of simple characters which belong to simple representations of 
(𝐶, 𝐺, 𝑓) which are realizable over 𝐿. This shows that 𝜒 itself belongs to a representation 
of (𝐶, 𝐺, 𝑓) which is realizable over 𝐿 and therefore completes the proof of (1). 
Finally we discuss an example. The basic construction is taken from [O2], § 4; it makes use 
of relations between central 2-cocycles and bimultiplicative pairings which are explained 
in [𝑌], §2, and of elementary facts about Gauss sums. Let 𝑚 be a positive integer >1 and 
let 𝑊𝑚 = 〈𝑒
2𝜋𝑖/𝑚〉 ≤ ℂ∗ be the group of roots of unity of order 𝑚 in ℂ. Assume that 𝐴 is a 
finite abelian group of exponent 𝑚 and that 𝑡: 𝐴 × 𝐴 → 𝑊𝑚 is a central 2-cocycle such that 
the associated symplectic pairing  𝜔𝑡: 𝐴 × 𝐴 → 𝑊𝑚 ,  𝜔𝑡(𝑥, 𝑦) ≔ 𝑡(𝑥, 𝑦)/(𝑡(𝑦, 𝑥)  for all 
𝑥, 𝑦 ∈ 𝐴, which is defined e.g. in [Y], §2, 2.1, (7), is nondegenerate. Le ℎ denote a positive 
integer such that there is an epimorphism 𝐺(ℚ(𝑒2𝜋𝑖∕ℎ)/ℚ)→ 𝐴. For every character 𝜒 of 
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𝐴, viewed as a character of 𝐺(ℚ(𝑒2𝜋𝑖/ℎ)/ℚ), denote by 𝜏(𝜒) the corresponding Gauss sum, 
i.e. 
𝜏(𝜒) ≔ ∑ 𝜒(𝑎)𝑒2𝜋𝑖𝑎/𝑓(𝜒)
𝑎 𝑚𝑜𝑑 𝑓(𝜒)
 
where 𝑓(𝜒) is the conductor of 𝜒 ; for the terminology and elementary results on Gauss 
sums which are used here compare [LE], § 2. For every 𝑥 ∈ 𝐴 let 𝜒𝑥  denote the character 
of 𝐴 defined by 𝜒𝑥(𝑦) ≔ 𝜔𝑡(𝑥, 𝑦), 𝑦 ∈ 𝐴, viewed as a character of 𝐺(ℚ(𝑒
2𝜋𝑖 ℎ⁄ )/ℚ).  Put 
𝑘 ≔ ℚ(𝑒2𝜋𝑖/𝑚). Then 𝑓: 𝐴 × 𝐴 → 𝑘∗ defined by 
 
𝑓(𝑥, 𝑦) ≔ 𝑡(𝑥, 𝑦)𝜏(𝜒𝑥)𝜏(𝜒𝑦)/𝜏(𝜒𝑥𝜒𝑦),  𝑥, 𝑦 ∈ 𝐴, 
 
is a central 2-cocycle. Now we assume that the central 2-cocycle 𝑡: 𝐴 × 𝐴 → 𝜇𝑚   is a 
bimultiplicative pairing; see [Y], § 2, Thm. 2.2. Then the function 𝑎𝑓: 𝐴 → 𝑘
∗ defined above 
is given by 
 
𝑎𝑓(𝑥) = 𝑡(𝑥, 𝑥)
𝑚(𝑥)(𝑚(𝑥)+1)
2 𝜏(𝜒𝑥)
𝑚(𝑥),  𝑥 ∈ 𝐴. 
 
We have 𝜀(𝑥) ≔ 𝑡(𝑥, 𝑥)
𝑚(𝑥)(𝑚(𝑥)+1)
2 ∈ {±1}  for all  𝑥 ∈ 𝐴,  and 𝛼𝑓(𝑥) = √𝜀(𝑥)
𝑚(𝑥)
∙ 𝜏(𝜒𝑥) , 
 𝑥 ∈ 𝐴, is a root in ℂ of order dividing 𝑚(𝑥) of 𝑎𝑓(𝑥). Hence the splitting field 𝐿  of the 
twisted group algebra (𝑘, 𝐴, 𝑓) from (1)  is given by 
 
𝐿 = 𝑘( √𝜀(𝑥)
𝑚(𝑥)
∙ 𝜏(𝜒𝑥): 𝑥 ∈ 𝐴). 
 
Denote by 𝑙  the 𝑙𝑐𝑚  of ℎ and 𝑚 . Since 𝜏(𝜒𝑥) ∈ ℚ(𝑒
2𝜋𝑖/𝑙) for every 𝑥 ∈ 𝐴  we have 𝐿 ⊂
ℚ(𝑒𝜋𝑖/𝑙). Especially ℚ(𝑒𝜋𝑖/𝑙) is a splitting field of the twisted group algebra (𝑘, 𝐴, 𝑓).  
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